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- COMSOL
Overview

« The Sommerfeld Radiation Condition and Perfectly
Matched Layers (PML’S).

* Problems caused by the steep decay of evanescent
waves at low frequencies.

* Improved PML formulation:
(1) Improved accuracy in the presence of
evanescent waves at low frequencies.
(1) Stability of the mesh with respect to frequency.

« Real-life application: loudspeaker design.

e Conclusions and further development.
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The Sommerfeld coMsSOoL
Radiation Condition

 |In an unbounded medium [exp(+1 o t), k= ® /c] :

-0 Helmholtz equation describing k exterior

the acoustic pressure. fluid
B
I — o0 Sommerfeld radiation Dy 4

condition
source(s) and/or

e In a computer model, r must be finite. scatterer(s)

The Sommerfeld condition must be
approximated numerically.
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Perfectly Matched Layer " =eM=aL
S (PML)

* An (efficient!) technique for approximating the Sommerfeld BC.

J.-P. Bérenger, “A perfectly matched layer for the absorption of electromagnetic waves,” Journal of
Computational Physics, Vol. 114, pp. 185—200 (1994).

» Can be easily adapted to CONVEX geometries E\M'"
 Straightforward implementation via complex coordinate scaling.

F. Collino, P. Monk, “The perfectly matched layer in curvilinear coordinates,” SIAM J. Sci. Comput., Vol. 19(6),
pp. 2061 — 2090 (1998).

F. Ihlenburg, Finite Element Analysis of Acoustic Scattering, Springer-Verlag (1998).

M. Zampolli, A. Tesei, F.B. Jensen, N. Malm, J.B. Blottman, J.Acoust.Soc.Am. 122, 1472 — 1485 (2007).

Perturbed Helmholtz Equation (PML):

l@w 0 lo  op +5—p+k2p 0
|a)+a(x)8x io+o(X) ox) oz°

Reﬂectilg)n_?JI 52’ +i2p+k2p=0
re negligible.

are negligible 6;( 0z

Fluid Domain ! ' PML

Complex coordinate

(physical) ;. (non-physical) > Damping only in the x-direction.
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PML Formulation in the COMSOL
NS/ Current Implementation

AR
O N

Fluid 2 PDE in the
(physical) PML:

X PML scaled

coordinate:

 Normalizing the scaled coordinate w.r.t. the wavelength A4

-> no need to adjust the mesh density in the PML
In X-direction as the frequency varies - Mesh stability.

 The scaled coordinate is a polynomial, with equal
power N in the real part and in the imaginary part.

* The real and the imaginary part of the scaled coordinate
each have different effects, depending on whether the
Incident wave IS INQ Or evanescent.




Effect of the Real and COMSOL
Imaginary Parts of the Scaling

N/

AR
O N

PML scaled coordinate
Wave lype Real Part | Imaginary Part

« Damping in the PML.
e Rapidly growing
Imaginary part
- good damping.

Il @ BN = B Il N S S S .

» Resolution of the

Propag atin g | oscillatory components |
In the PML, no damping.I

« Damping (Decay) e Spurious anti-causal
Evanescent ( of the evanescent I waves, which are
wave in the PML. absorbed by the PML.
I

Problems at very low frequencies, where

the evanescent field decays steeply:
the PML “over-damps” an already steeply
decaying wave - PML accuracy problems.
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COMSO0OL

y Improved PML Scaling

~
N\
O SN

FIUId Z PML ~ n - n-
. X = A4 ((x/ D) +ilog,{L—(x/D)")
(physical) )\( X / ( i
) parar_n_e_ter ~0.25 _J1-log,,—, ka<10
-————- » | sensitivity N =1 10
D > convergence 1, ka=>10

e At high frequencies ka>10 : rapidly growing log (1-x/D) scaling
of the imaginary part = good damping of propagating waves.

At low frequencies: log (1-(x/D) ") with exponent of n, >1
INn the imaginary part
-> Imaginary coordinate grows more slowly near the
iInterface with the physical domain,
- element size compressed near the interface,
-> good resolution of the phase of the decaying wave.
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COMSO0OL

y Improved PML Scaling

~
N\
O SN

Fluid £ PML
(physical) Xw x

><1 ; ( n_{1—Iogmka,ka<1
"D'" 1, ka=1

* At low frequencies : real part grows slowly near the boundary
- element size compressed near the interface,
-> rapidly decaying evanescent waves are better resolved
by the PML near the interface with the physical domain,

X = AA ((XEDYY +i log,(1— (x/ D)™ )

- Improved accuracy.
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Example: comMsoL
Circular Piston Radiation

Sound-pressure level
on axis, at 0.1a.

rigid baffle

b quadratlc elements nj.. ! e prescribed constant normal velocity.
the PML 5 | * Piston radius = a.

SPL on axis at0.1a

reference Errors at low frequency
A0 ! in the solution with the
' ' : “old” PML scaling.

A
0.1
Mondimensional wave number
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Comparison: | CoOMSOL
“old” vs Improved Scaling

Relative error vs. ka |-

— 3 layers, New
— - 6 layers, New
| —%— 3 layers, COMSOL | ']
6 layers, COMSOL
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Mondimensional wave number
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Plane-wave Scattering cCoMsOoL
from a Hard Sphere

Scattered pressure level

Relative error vs. ka
on surface, backscatter.

3 layers, New

— -6 layers, New§
—%— 3 layers, COMSOL | |
" - 6 layers, COMSOL

001 -

0.001 -

Scattered field SPL on surface (backscatter)

un
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T
Relative error in scattered pressure amplitude

Reference P N AN U . ! I]
—v - COMSOL .

45 Kooerearanns

40 0.01 0.1 i 10 100
0,01 0.1 1 10 Nondimensional wave number
Mondimensional wave number
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Performance of the COMSOL
Modified PML

Cylindrical Sub-woofer

Helmholtz resonator
- Evanescent field
at the opening.
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Accurate solution with 4-layer modified PML,
compared to 16-layer standard PML.
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COMSO0OL

@ Audio Loudspeaker Design

ARy =

SPLat1lm

Freq (Hz) 10°
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Conclusions COMSOL
and Further Development

N/

~
N\
AL S

 The real and imaginary parts of the PML coordinate scaling
affect evanescent and propagating wave components in
different ways.

 Modified scaling strategy proposed:
(1) Improves the performance at low frequencies,
where evanescent waves dominate.
(i) mesh stability with respect to frequency,
from ka = 1/100 to ka = 100.

* |Increasing error at high frequencies observed In
radiation problems - To be addressed.

« Whatis ain ka? - Problem dependence?
- A measure of the smallest
wave scales of the problem?
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